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A NOTE ON DEGENERATE STIRLING NUMBERS OF THE FIRST
KIND ASSOCIATED WITH DEGENERATE GENERALIZED
HARMONIC NUMBERS

TAEKYUN KIM, DAE SAN KIM, DMITRY V. DOLGY, AND KYO-SHIN HWANG

ABSTRACT. In this paper, we introduce a new generalization of the degenerate
harmonic numbers, which we call the generalized degenerate harmonic num-
bers. For these numbers, we find explicit expressions, and some related finite
sums that evaluate to simple integers. Furthermore, we express the degenerate
harmonic numbers in terms of the newly defined generalized numbers, the un-
signed degenerate Stirling numbers of the first kind and the degenerate Bernoulli
numbers, and we provide a closed-form expression for a specific sum involving
degenerate hyperharmonic numbers.

1. INTRODUCTION

Recent investigations have explored degenerate versions of many special num-
bers and polynomials (see [8,12-15,17,18,20]), a field initiated by Carlitz’s work on
degenerate Bernoulli and Euler polynomials (see [4]). This line of inquiry has since
been expanded to include transcendental functions and umbral calculus, leading to
the development of the degenerate gamma function (see [16]) and the degenerate
umbral calculus (see [10]).

This paper presents several new results regarding the degenerate harmonic num-
bers, the generalized degenerate harmonic numbers, the degenerate hyperharmonic
numbers and some related identities. We begin by reviewing the definitions of
degenerate exponentials and degenerate logarithms. We then recall the unsigned

degenerate Stirling numbers of the first kind, denoted as [}],, and the degener-

ate Stirling numbers of the second kind, {}},. Following this, we refresh the
reader’s memory on harmonic numbers, degenerate harmonic numbers, hyperhar-
monic numbers, and degenerate hyperharmonic numbers. Section 2 contains the
core findings of this research. We introduce a new generalization of the degener-
ate harmonic numbers, H, j, which we call the generalized degenerate harmonic
numbers, H, (n,r), for r > 0 and n > r+ 1. Note that when r = 0, this new number
simplifies to the original degenerate harmonic number, i.e., Hy (n,0) = H,, .

We provide several key theorems:

e Theorem 2.1 and Theorem 2.2: These theorems express Hj (n,r) as a finite sum.
Theorem 2.1’s expression involves products of binomial coefficients, while Theo-
rem 2.2’s expression involves the unsigned degenerate Stirling numbers of the first
kind. [.7,],

e Theorem 2.3 and Theorem 2.4: These theorems present two finite sums. The-
orem 2.3 shows that a sum involving H) (n,r) and another involving [, ] , both
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sum to n. Similarly, Theorem 2.4 demonstrates that two related sums, one involv-
ing Hj,(n,r) and the other [,!,]  both sum to 1.

e Theorem 2.5: This theorem expresses H,, ; as two finite sums. One sum involves
Hj(n+1,r), and the other involves [,"")] .

e Theorem 2.6: Here, we express H, ; as two different finite sums: one involving
the degenerate Bernoulli numbers and Hy (n — 1, 7), and the other involving the de-
generate Bernoulli numbers and [rffl] e

e Theorem 2.7: The final theorem provides a closed-form expression for the sum

:'lzl (_ 1)rrl-lr(zr—)r+l,l’ where HrEr—)H-l
Finally, Section 3 provides a summary of our results and concludes the paper.
A list of general references can be found in [1,6,21]. In the rest of this section,

we recall the facts that are needed throughout this paper.

5, are the degenerate hyperharmonic numbers.

For any nonzero A € R, the degenerate exponentials are given by
oo p
=Y (naro ealt) = ey (t), (see([8,10,16]),

n=0
where
(®oa =1, ()pr=x(x=2)x=21)---(x—(n—14), (n=1).
Note that

lim ¢} () = €.
lim & (¢)

The degenerate logarithm log; () is defined as the compositional inverse of e (z),
and hence we have (see [8,10,16])

1 2 = (A —1\ 1"
) log,l(l-i-t)—z((l-i-t) —1)_”21(”_1);.
The degenerate Stirling numbers of the first kind S, j (n,k) are given by
@) @n =Y S1a(nk) (ea, (120), (see[14,15,17]),
k=0
where

(o=1, (p=x(x=1D(x=2)-(x=n+1), (p=1).
The unsigned degenerate Stirling numbers of the first kind are defined by

[’,j =D Samb),

where n, k are nonnegative integers with n > k. From (1), we note that

3) %m&(%)—;m L k20), (see[14]).

As the inversion formula of (2), the degenerate Stirling numbers of the second kind

{n} are defined by
k A

) (np = Z {’]Z}A (e, (n>0), (see[14,15,17]).
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From (4), we note that
1 k > n 1"
k—!(el(t)—l) :,;({k},l o (n>0), (see][l4]).

It is well known that the harmonic numbers are defined by (see [3,5,9])

1 1
(5 Hy=0, H,=1+=-4---+-.
2 n

Thus, by (5), we get (see [11,19])
1 1 >

—log| — | = ) H.".

1 o8 <1 —z) ; "

Recently, Kim—Kim introduced the degenerate harmonic numbers given by
1 & /A S (A= (=)

6 Hy, =0, H,j=— 1=

() 0,4 ) nA l;(k)( ) ](Zl(k_1> k )

where 7 is a positive integer (see [8,13,14]). Note that

lim H, 3 = Hy, (n>0).

From (6), we note that

1

| o
D g <:) =Y H,;t", Hyyp =0, (see[l17,18,20]).
n=1

In 1996, Conway and Guy introduced the hyperharmonic numbers H,(,r), (n,r >0),
which are defined by (see [2,7,11])

1 u _
®) H(gr):(): (”ZO)» Hr(l()):*v (l’l> 1)7 Hrgr): ZH]Er 1>: (”77’2 1)
k=1

Then, by (8), we get

1 1 NG
—log (—) =Y Ht", (see[2,11]).
(1—1) 1—1t n;

Recently, Kim—Kim introduced the degenerate hyperharmonic numbers given by
(see [8,14,17])

(r
Ho,/{:07
o _ A N2V
®) Hj=—7(1 '(1)n,1/l—z<n (=" (n=>1),

From (9), we obtain

1 1 v ()
10 1 =Y """
(0 (1—1) & (l—t) na!
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2. A GENERALIZATION OF DEGENERATE HARMONIC NUMBERS
For any integer » > 0, we define the generalized degenerate harmonic numbers
by

1) 11 1og’+‘< — ) Z Hy (n,r)x

n=r+1

Note that

Iinl(n 0) n/l» (I’ZZO)
From (11), we note that

1 1 1 1
= mlog_l (m) X]Og—l <m) X oo X log_l <l_x>

(r+1)-times

o (A ED (DA @ (A= (=D,
1*xloz::l (101> 1121 (ll]> i xl~--I§] (lrl)TXI
y (o) (o) ()

k=0 m=r+1lg+lj++l=m lOll tre lr

I
™

=
s

(_ 1 )mfrflxm

i i y (10:1) (11:1) (l,:l)

n=r+1m=r+11lg+l++l,=m loly---1y

(7])m7r71xn

)

where ly,[;,...,I, run over all positive integers satisfying lo+ 1 +--- + [, = m.
Therefore, by (11) and (12), we obtain the following theorem.

Theorem 2.1. For any integers n,r, withr > 0,n > r+ 1, we have

T 3 (o) ) o)

m=r+11lo+l++l,=m loly -1

(_ 1 )mfrfl

_ y (=D G DG - (=0 )

r1<lo i+l <n loly -1y ’
where ly,l1,. .., 1. run over all positive integers satisfying r+1 < Ilp+0 +-- -+, <
n.
From (3), we note that
1 (r+1)! 1 1
1 r+1 — 1 r+1
| —x 82 <l—x) T—x (rp1) 82 \1T—x
oo o m o
13 :(r—l—l)!le ) [ ] —
(13) e -l L PR
CFOE ] e
n=r+1m=r+1 r+1 A m!

Therefore, by (11), (13) and Theorem 2.1, we obtain the following theorem.
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Theorem 2.2. For any integers n,r, with r > 0,n > r+ 1, we have

_ vy (| L
(14) Hy (n,r) = (r+1)! ; L“ —
m=r+1 A
By (11), we get

1 r — r
7( Jret, )LH;L(n,r)x": +1 Z H, (n,r)x
. ! n=r+1

15) = 1 ix (e)L log_,, (é) - 1)

—
—_
I
=
Nai
[\ ]
—_
I
=

I
gk
=

_l’_
=

|
™

%

=
Il
o
3
Il
o

I
gk
g

3
Il

By comparing the coefficients on both sides of (15), we get

)
(16) ’;) (r+1)! (I)VJrl,f}. =n, (n > 17 r20)~

From (14) and (16), we note that

m
n—1 n—1 n
Hy (n,r) LJF 1}
n= (Drp1,-2 = r41,-4
(17) gb (! Z er+l
:iﬁi”lom+
m=1 r=0 m! [r+1 A '

Therefore, by (16) and (17), we obtain the following theorem.

Theorem 2.3. Forn > 1 and r > 0, we have

m
n m—1 r+1

n—1
H
A A (1)1

n= ;(,](H—l)r!)(l)rﬂ—x =Y

|
m=1 r=0 m:
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From (11), we have

—1(_1)\r
B

e D Mra .
_gi(ﬂrl)! nngA(n,r)x
1

_ o (D MWria 1

N l—xr;O (r+1)! log_3 <1—x>
L a ) s

(18) N 1fxr§(’) (r+1)! log™ (lfx)

_ 71; (2(1);!(1»1 e’ (ﬁ) 1)
(

1 1
(e (e (7)) 1)
1
=—17x(e/1(10g/1(1—x))—1)
1 - n
=—1+ —= :’;x .
By (18), we get
(=) (1)1 B
(19) ;)WH;L(n,r)—l, (n>1,r>0).
From (14) and (19), we have
=Y @ B Sy [ ]
7;)— r+1,A (r+1)‘ 7;)_ V+l,lm:Zr+l r+1 A%
(20) n m—1 1
m r
SR T ] W

Therefore, by (19) and (20), we obtain the following theorem.

Theorem 2.4. Forn > 1 and r > 0, we have

n—1(_1\r n m—1 m
I_Q%HA(’Z’”_ ; Z |:r+1:|x$(_l)r(l)r+l,/l-
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By (7) and (14), we get

i i%HA(nJFLr)X": i%iHl(n+l,r)xn

o (_1yr+l > °°—r+1:r1r+l
:éz( 1r)'+ M2 X HA(W)X":;Z( 1r)' (Lra Ogl—(x .
r=1 : n=r+1 r=1 .
—log_ > (=1)"
-l x(x])_ﬁ ;1( V)0, (1 lx)

@ - 10)%’?1(1;))6) (i) (_r})r(l)r,x log” (11 ) - 1>

- oo (1))

=20 (e (g (1-) - 1)

—1 1—x 1
- e (1) =

By comparing the coefficients on both sides of (21), we obtain the following equa-
tion:

(22) Z

On the other hand, by (14), we get

r+1

r+1

D Hy(n+1,r)=H,;, (n>1).

M:

AHA(”+ 1,r) = i(y+ 1)(_1)r+1(1)r71W
r=1 r=1 !

1
am!

n+1

< r 1
23) ;rH " L LH}

m=r+1
m
n+lm—1 r+ 1

=Y Y — A+ D)D) (D)

m=2 r=1 m!
Therefore, by (22) and (23), we obtain the following theorem.

Theorem 2.5. Forn > 1, we have

no(_1\r+l
Hn,l:Z( i)'+ (l)r,lHl(n+lar)
r=1 N
LS {rﬁlh +1
=Y Y - DD (1)
m=2 r=1 :

Carlitz defined the degenerate Bernoulli polynomials given by

Q) iA=L Bl (see ).

ex(t)
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When x =0, B, = B,(0) are called the degenerate Bernoulli numbers. By (7),
(11) and (24), we have

i(Z( r+1(r+1) (ﬁr+1,/l_(1)r+l,l)H/l(”_lar)>xn

r+1
_Z r+1 ﬁr+1,/l r+17L Z H/l(n_l r)
r=0 n=r+2
s (71)r+1
:xr()(r+1)‘ (Brv1n— (Drs12) ZIH/I"”
r= : n=r+
i (_1)r+l 1 1
= —(1 1
xr;() (}"+ 1)‘ (ﬁr+l,l ( )r+1 l) 1— Og 1—x
X > 1 r+1
= 1—x Z (r+ 1)’ (BrJrl,)L - (1)r+1,l>10gl (1 _x)
(25) r=0

S
LM3

1—x ﬁ(ﬁnl—(l)m)logﬁ(l—x)

r=

oo

I TR Y x>)

r=0 r! r=0
x log (1 —x) _
 1—x\e; (logy(1—x))—1

log, (1 —x) d

n=1
= Z Hnﬁlx".
n=2

| | =
=
VRS

ez (1og, (1 —x)))

By comparing the coefficients on both sides of (25), we get

n—2 (_l)r+l
(26) Zom(ﬁrJrl,)._(l)rJrl,?L)Hl(n_lar):Hn,/lv (nZZ)

On the other hand, by (14), we get

n—2 .
L0 (B (Do) B
n—2 nel |:r11:|
@7) =Y (=" (Brra— (Drs1a) Tfl
r=0 m=r+1 :
n—lm=1|pr41
- Zl -0 %(_1)r+] (ﬁrJrl,)L_(l)rJrl,},)-

Therefore, by (26) and (27), we obtain the following theorem.
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Theorem 2.6. For n > 2, we have
n—2 (_ 1)r+l

Hn,k = Z

70m (ﬁrJrl,), - (1)r+1,l) H, (n— 1,}”)

7( )r+l (Br+117(])r+l,l)'

From (10) and noting Y2, rt" = we have

_r
(1-1)%°

ZZ( 1 rH()Jrle _Z( D) H;S)rﬂ/lxn

n=1r=1 r=1 n=r
- r - r) n+r— - ro.r— lOg_ %x

=Y P Y B = Y (1) 17(1’1_(;)r )
r=1 n=1 r=1
log s () o,y (%) _Toga (i)

o by rzi(_l) r(l x> X (x=1)

- — = X(X —
1 1 1
=10g7,1 (m) (X— 1) leogfl (m) —logf/l (m)

s T
e

Z< ( (5)-Co) -
“Z (el (o)

We also note that

29) Z Z l)rrH r+1, lx = Z Z n r+l lx - X

n=2r=

Therefore, by (28) and (29), we obtain the following theorem.
Theorem 2.7. Forn > 2, we have

Y (Y = é;l)]") (nl]> B n((;):) (a—b

r=1

3. CONCLUSION

This paper has significantly advanced the study of degenerate special numbers
and polynomials by introducing and analyzing the generalized degenerate har-
monic numbers, Hy (n,r).

We derived several important theorems that provide new expressions and iden-
tities for these numbers. Specifically, we showed that H, (n,r) can be expressed
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as a finite sum involving both products of binomial coefficients (Theorem 2.1) and
the unsigned degenerate Stirling numbers of the first kind (Theorem 2.2). We also
established two finite sums that demonstrate fascinating relationships between the
generalized degenerate harmonic numbers and the unsigned degenerate Stirling
numbers of the first kind, with both summing to a simple integer (n in Theorem 2.3
and 1 in Theorem 2.4). Furthermore, we provided new expressions for the original
degenerate harmonic numbers, H,, ; , in terms of our new generalized numbers, the
unsigned degenerate Stirling numbers of the first kind and the degenerate Bernoulli
numbers (Theorems 2.5 and 2.6). Finally, we offered a closed-form expression for
a sum involving the degenerate hyperharmonic numbers (Theorem 2.7).

Future research could focus on exploring additional identities and combinatorial
interpretations for the generalized degenerate harmonic numbers. Another promis-
ing avenue is to investigate the relationship between these new numbers and other
degenerate polynomials and numbers.
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